Abstract. We derive a fifth order five-stage explicit Runge-Kutta composition method, and an error estimator using linear combination of stage values and output values over two steps. Numerical results presented by testing the new pair over DETEST problems show a significant improvement.
Introduction
All explicit Runge-Kutta methods of order higher than four need more integration stages than their order [3] . The minimum stages for various orders are shown in Table 1 . Table 1 . Minimum number of stages for various orders Order 1 2 3 4 5 6 7 8 9 10 Minimum Stages 1 2 3 4 6 7 9 11 12 13 There have been several attempts to break this barrier (Butcher barrier) . The first one is the explicit type of effective order methods by Gifkins [14] . By perturbing the initial value y 0 into y 0 +α 1 hy ′ 0 +α 2 h 2 y ′′ 0 +· · ·+α p h p y (p) 0 , the effective order methods offer several free parameters to attain higher order or to have better stability behavior. The second one is so-called Almost Runge-Kutta methods (ARK) [6] . There are three quantities, y 0 , hy ′ 0 , h 2 y ′′ 0 , passing from step to step. Even though the third quantity h 2 y ′′ 0 is of lower order, the contributed errors cancel out using annihilation conditions. Having more information passing from step to step, ARKs have cheaper error estimators, dense output and higher attainable order for explicit form.
Instead of using higher derivative terms to break the Butcher barrier, we propose to use the idea of composition methods. If the second method cancel out the principal local truncation error of the first method, then the composition of the two methods presents one order higher feature. The main purpose of this paper is to exploit the order conditions of these composition methods and to implement the underlying methods.
In section 2, the basic theory of algebraic approach for integration methods, by Butcher 1972 [5] , is presented. In section 3, the conditions imposed on the coefficients to achieve the cancellation of principal local truncation errors between two methods are derived. We derive a fifth order composition method of two fourth order explicit RK with stage number five. In section 4, some preliminary comparisons are presented between new methods and several existing methods (famous Runge-Kutta method RK54 and Dormand and Prince(5,4)).
It is our hope that not only this new pair five-stage methods presents order five feature, but also competes with the existing methods.
Recursive derivation of order conditions
In the paper, the initial value problems are considered as in autonomous form,
where f : R n → R n is differentiable to an arbitrary order. In 1972 Butcher [5] proposed a way of deriving the coefficients that occur in Taylor series expansions of the exact and numerical solutions. In Butcher's approach that Taylor series expansion of the exact solution y(x + h) about x can be expressed as
where r (t ) is the order of the tree t , the symmetry σ(t ) and density γ(t ) are real valued functions defined on the rooted trees T [7] , F (t )(y(x)) is the elementary differential corresponding to t . This one-to-one interpretation of the elementary differentials and their coefficients in terms of functions defined on trees has led to an elegant algebraic approach for integration methods.
The Taylor series expansion of the numerical solution y n+1 about x n is
where the α(t ) is called the elementary weight function. The function E :
. E can be regarded as the elementary weight function of the exact solution. By comparing the Taylor series expansions of the exact solution (1) with numerical solution (2), the order conditions of a p th order method
In this paper, our aim is to enhance the accuracy over two methods. In order to achieve this goal, we need to consider the composite mapping αβ over two steps. This can be regarded as αβ which is a composition mapping of two mappings α and β. Butcher [7] gave the value
where u is a subtree of t sharing the same root with the tree t and t \u is the remaining part of t after deleting the subtree u. The composition rule is widely applicable to other types of methods. We consider the integration over stepsize θh for exact solution. Let E (θ) (t ) denote the elementary weight function of exact solution over θ steps. The Taylor series of y(x + θh) at x is
Compare (4) with (5), we have
In this paper, we will apply equation (6) in the case of θ = 2. The algebraic conditions on the coefficients of the method become increasingly complicated when order increases. The algebraic approach based on Runge-Kutta methods to solve these conditions was proposed in [5] in 1972. In addition, there are existing some theories developed by Hairer and Wanner [16] , Albrecht [1] and F. Bornemann [2] which provide other approaches to the order conditions. Here, we will make reference to Butcher theory. In the present approach, the order conditions can be written down easily by transcribing the structure of the corresponding rooted trees. Moreover, we study the conditions that the method has to satisfy to attain a prescribed order of accuracy.
As the order increases, particularly for explicit Runge-Kutta methods, the number of conditions rises rapidly and soon becomes unmanageable. It is reasonable to reduce the order conditions by simplifying assumptions.
Butcher [5] proposes the C and D simplifying conditions to reduce the order conditions of RK methods. The C (n) conditions for Runge Kutta methods are
The D(k) conditions for Runge Kutta methods are
where C = di ag (c 1 , c 2 , . . . , c s ). For the explicit matrix A, the first and second components of Ac equal zero. Therefore, it is not possible for an explicit RK method to have C (2) conditions. In order that our explicit methods mimic the C (2) conditions up to order five, we adopt the simplifying techniques in Butcher (Chapter 3) [7] and linear combinations of trees in Chan [9] . The following conditions make sure that the explicit Runge-Kutta methods have the equivalent order conditions as the C (2) conditions up to order five.
Using conditions (a)-(d), the 17 order conditions of a five order method can be reduced to 6 order conditions corresponding to the following trees,
An enhanced order composition methods
In this section, a new type of enhanced order composition methods is derived through analysing the PLTE (Principal Local Truncation Error) over two steps. We also derive one order higher composition methods over two steps. The scheme of error estimation proposed in our composition method is error estimation over two steps. Compared with the traditional Runge-Kutta methods, we have more free parameters, smaller PLTE and more accurate. The conditions to derive one-order higher composition methods are investigated. A fifth order composition method (ECRK5) is proposed using two different fourth-order explicit RungeKutta methods(ECRK5_1 and ECRK5_2) with five stages.
For p th order methods with corresponding weight function α over stepsize θh, the general order conditions in Butcher [7] is
With the aid of this condition, we have the following theorem.
Theorem 1. Let α and β be of order p over stepsize h, then αβ is of order p + 1 over stepsize 2h if and only if
, ∀t , r (t ) = p + 1.
Proof. α and β satisfy the order conditions
The composition rules of αβ and E (2) are
" =⇒ " αβ is of order p + 1, αβ(t ) = E (2) (t ) ∀r (t ) ≤ p + 1. Because each member of t \u and u are of order less than or equal to p, and α, β are of order p, we know that
By comparing (8) and (9), we have α(t ) + β(t ) = E (t ) + E (t ) = 2 γ(t ) . " ⇐= " For trees of order p + 1, the composition rule of αβ
Therefore, αβ(t ) = E (2) (t ) ∀r (t ) ≤ p + 1, together with equation (7), we have αβ is of order p + 1. In order that our methods have D(1) condition and mimic the C (2) conditions up to order five, the new methods satisfy conditions (a) to (d) on page 202.
The procedures to determine the coefficients of these methods are shown as follows:
Step 1: Solving for the order conditions on t 2 to t 5 for these two methods, we have Our methods are of order four by solving the above conditions.
Step 4: In order that our new composite method is of order five, we need consider α(t ) + β(t ) = 
Therefore, we have
(3) By using (11) and (12), we obtain c 3 = 4 5 − c 3 , and c 4 = 2 − 5c 4 + 10c 3 c 4 −3 + 10c 3 .
There are four free parameters c 2 , c 3 , c 4 ,c 2 left in our approach. These free parameters are chosen in order that the PLTE of the composition method is reduced, and all the abscissae are between 0 and 1. We consider some trees of order six :
Using simplifying technique to solve t 7 , t 8 , t 9 , we obtain the value of these free parameters.
(1) For tree t 7 , the αβ(t 7 ) − 2 6 360 can be simplified to
Solving y 1 = 0 for c 2 , we obtain
(2) For tree t 8 , the condition αβ(t 8 ) − 120 is simplified to
Solving y 2 = 0 for c 4 , we have c 4 = − 6 − 65c 3 + 50c 2 3 50(1 − 2c 3 ) .
(3) For bushy tree t 9 , the condition αβ(t 9 ) − These methods are named ECRK5_1, and ECRK5_2 which is given in the Appendix. The error estimation for the composition method is also be derived by using a "one-step zero approximation" based on embedded technique [8] . Let e = (1, . . . , 1)
T ∈ R 11 and δ T = (δ 1 , 0,δ 3 ,δ 4 ,δ 5 ,δ 6 , 0,δ 8 ,δ 9 ,δ 10 ,δ 11 ).
The error estimation is derived every two steps. The composition method with the embedded form can be expressed in Butcher tableau
The order conditions for the one-step zero approximation up to order four and some trees of order five are given as follows: 
Numerical experiments
In this section, numerical experiments were carried out on the well-known set of test prob- Table 2 . The composition method has attained order five.
Secondly, experiments were carried out using a changing stepsize pattern in which a predetermined sequence of stepsizes was imposed [13] . For each sequence of five steps, stepsizes in the ratios 1:r :r 2 :r :1 were used, where r is a parameter. Fixed and variable stepsizes comparisons on the DETEST problems D1 and D3 are presented in Figure 1 which r = 1(fixed stepsize), r = 1.5 and r = 2 are given. It is noted that all methods tested have order five. The ECRK5 performs more efficient than RK54, and is competitive with DOPRI(5,4). ECRK5 has better error estimation may explain the numerical results.
Conclusion
In this paper, a fifth order explicit Runge-Kutta composition method with five stages is derived. A reliable error estimator is also derived by using linear combination of stage values and output values over two steps. Numerical results obtained by testing the new pair over a standard set of test problems show a significant improvement. Moreover, the composition pair also presents attainable order 5. Our future work is to apply this idea to triple composition method, diagonal implicit Runge-Kutta method and higher derivatives methods.
